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O CKOpOCTH paBHOCXO/HiMOCTH pa3JTOXCeHHH B pa/Jbl 

no TpnroHOMeTpHHecKOH CHCTeMe h no co6cTBeHHbiM o^yHKunaM 
onepaTopa IIlTypMa— JlnyBnjuia c noTemniajiOM — pacnpe^ejieHneM 

CaflOBHHnaa H. B. 
OO ' B HacToameii pa6oTe H3ynaeTca onepaTop niTypMa-JlHyBHjuia 

O ; 

Ly = l(y) = -0 + q(x)y, (1) 

§ ■ 

b npocTpaHCTBe L2[0,7r] c rpaHH^HbiMH ycjiOBHHMH ^npnxjie y(0) = y(n) = 0. npe^nojiara- 
eTca, hto noTeHnnaji q(x) = u'(x), u G L2IP, 7r]. IlpoH3BOflHaa 3flecb noHHMaeTca b CMbicjie 
pacnpe^ejieHHH. OnepaTopbi TaKoro BH^a 6mjih onpeflejieHbi b pa6oTe [1J. B pa6oTax [T] [2] 
6bijio ^OKa3aHO, hto onepaTop L cppe^rojibMOB c HH^eKcaMH (0,0) (b cjiyaae BemecTBeHHoro 
noTeHipiajia - caMOConpa>KeH), nojiyorpaHnaeH, HMeGT hhcto ^HCKpeTHbiii cneKTp. HeKOTopbie 
pe3yjibTaTbi 06 onepaTope L, nojiyaeHHbie b [1] [3] h Heo6xo,a,HMbie HaM b ^aHHoft paSoTe, 
6yn;yT npHBe^eHbi Hii>Ke. 

B CTaTbe paccMaTpHBaeTca Bonpoc o paBHOMepHoft Ha BceM OTpe3Ke [0, it] paBHOCxo^niMO- 
cth pa3Jio»ceHHa (pyHKnira / b pa^ no cncTeivie coScTBeHHbix 11 npiicoefliiHeimbix (pyHKUHii 
onpepaTopa L c ee pa3Jio»ceHHeM b pafl <J>ypbe no cncTeivie cnHycoB. 3Ta 3a^ana xoponio H3- 
BecTHa b KjiaccH^ecKoii Teopnn onepaTopoB LQTypMa-JlHyBHjuia (b cjiynae, Kor^a noTeHnnaji 
jiOKajibHO cyMMnpyeivi). B MOHorpacpnn B. A. MapneHKO pi], §3, rji. 1] Sbijia ^OKa3aHa paBHOMep- 
Haa paBHoexoflHMOCTb b cjiynae, ecjin / G L 2 [0,7r], a q — KOMnjieKCH03HaHHaa cyMMnpyeiviaa 
(pyHKnna. B 1991 ro,n;y B. A. Hjibhh nojiynnji pe3yjibraTbi b cjiynae, Kor^a / G Li[0, 7r], q 
— KOMnjieKCH03HanHaa cyMMnpyeiviaa cpyHKHiia (cm. [5]). B. A. BnHOKypoB n B. A. Ca^OBHn- 



C3 



O 



hhh b [6J flOKa3ajin TeopeMy o paBHOCxo^HMOCTH ^jia cjiynaa onepaTopoB c noTeHnnajiOM — 
npoH3BOflHoii (pyHKn,nn orpaHnneHHon Bapnannn, npn stom / G L±[0, 7r]. 

3^,ecb mm noKa>KeM, hto, ecjin nepBOo6pa3Haa u ot noTeHnnajia — KOMnjieKCH03HaHHaa 
(pyHKinia H3 npocTpaHCTBa L 2 [0, vr], to ,h;jih jiioSoh cpyHKUHH / H3 npocTpaHCTBa L 2 [0, vr] HMeeT 
MecTO paBHOMepHaa Ha bccm OTpe3Ke [0, ir] paBHoexoflHMOCTb pa3Jio>KeHHH b pa^bi no cncTeMe 

_ 1 

cnHycoB h no cncTeMe co6cTBeHHbix n npncoe^HHeHHbix cpyHKHHH onepaTopa L. HeKOTopbie pe- 
3yjibTaTbi o TaKoii paBHoexo^HMOCTb 6bijin aHOHcnpoBaHbi aBTopoM b paSoTe (7j 5 ho no^,po6Hoe 
^OKa3aTejibCTBO npnBe^eHO He Sbijio. 



§1. Ilpe^BapHTejibHbie pe3yjibTaTbi. 

HaM noHaflo6aTca HeKOTopbie npeflBapnTejibHbie CBe^eHna 06 onepaTope (0Q). 06o3HaaHM 
nepe3 uj(x, A) penieHne ^HcpcpepeHHiiajibHoro ypaBHeHna —00" + quo = Xoo c HanajibHbiMH ycjio- 
bhhmh u>(0, A) = 0, cjW(0, A) = 1 (3^ecb cjM = uj' — uuj — nepBaa KBa3HnpoH3BOflHaa) . 5Icho, 
hto HyjiH n;ejion (pyHKn;HH uj(ii, A) coBna^aiOT c coScTBeHHbiMH 3HaneHHHMH onepaTopa L. B 
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CHjiy TeopeMbi cymecraoBaHHa h eflHHcraeHHOcra, reoMeTpnnecKaa KpaTHOCTb KajK^oro co6- 
CTBeHHoro 3HaaeHna paBHa 1. B anynae BemecraeHHoro noTeHiniajia npHCoe^HHeHHbie cpyHKinin 
OTcyTCTByiOT, T.e. Bee coScTBeHHbie 3HaneHnn aBjiaiOTca npocraiMn, ho b o6meM anynae 3to He 
TaK. 06o3HaHHM aepe3 {/J>k}i° Bee Hyjin (pyHKipiH oj(tt, A) 6e3 ynema npamHocmu (T.e. /ij = Hk 
TOJibKO npn j = k), npnaeM HyMepaniiio 6yneM bccth b nopaaKe B03pacTaHHa Moayjia, a b 
caynae coBna,aeHHn MO^yjien — no B03pacTaHHio apryMeHTa, 3HaaeHHa KOToporo BbiSnpaiOTca 
H3 nojiyHHTepBajia (— tt, 7r]. L[enonKOH H3 coSctbchhoh h npncoeanHeHHbix cpyHKiniii, orae- 
naiomeH coScTBeHHOMy 3HaneHHio Hk, Ha3biBaiOT CHCTeMy (pyHKnnn {y®, y\, . . . , y^ h ~ }, r,ae 
(L — Hkl)yl — 0, (L ~ Vkl)yl = y j k ~ l flJia Bcex j = 1, . . . , pk — 1. npHCoeaimeHHbie (pyHKHHH 
onpeaeaeHbi HeoaH03HaaHO h, cneaya pa6oTe [8j, KaHonunecKou v^enouKou Ha30BeM aioSyio H3 
uenoaeK, HMeiomiix MaKCHMajibHyio aJiHHy. J\jmay KaHOHHaecKoii uenoaKH (ancjio pk) Ha30- 
BeM ajise6pauHecKou Kpamno emtio co6cTBeHHoro 3HaneHHa \ik- B HanieM anynae KaHOHnnecKyio 
nenonKy mojkho npeflT>aBHTb hbho, nTO mm ceiinac h npoaejiaeM. 

IlycTb /ifc — HOJib (pyHKnnn uj(tt, A) KparaocTH qk- 3aMeTHM, wio (pyHKnnn {x, A), 
j = 1, 2, . . . , q k — 1 yapBJieTBopaiOT JiH(p(pepeHHHajibHbiM ypaBHeHHaM Ooj^) = Ao;^ + uj^ x \ 
npnaeM w^(0, A) = 0. KpoMe Toro, t^(7r, — 0, nocKOJibKy (ik ecTb HOJib Kparaocra g&. 
TaKHM o6pa30M, (pyHKHHH /i^), j = 0, 1, . . . , qk — 1 o6pa3yiOT uenonKy H3 co6ctb6hhoh h 

npncoeflHHeHHbix (pyHKHHH, OTBeaaiomyio coScTBeHHOMy 3HaaeHHio KaK h jiioSaa uenoaKa 

H3 CoScTBeHHOH H npHCOe JJHHeHHblX (pyHKHHH, 3Ta CHCTeMa JIHHeHHO He3aBHCHMa, a 3HaHHT, 

nopoataaeT no^npocTpaHCTBO pa3MepHOcra Tenepb ocTaeTcn OTMeTHTb (cm. [9l En. I, n.3]), 
mo 3Ta nenonKa nBjiaeTca KaHOHHaecKoii, T.e. HMeeT MaKCHMajibHyio ,aJiHHy (pk = qk)- 

HaM 6yaeT yap6HO BBecra h ^pyryio HyMepannio coScTBeHHbix h npHCoe^HHeHHbix cpyHKn,HH. 
Ilofl CHCTeMoft coScTBeHHbix h npHcoe^HHeHHbix (pyHKn,Hii {y n ( x )}^=i MbI Sy^eM Be3^e ^ajiee 

oo 

noHHMaTb CHCTeMy, nojiyMeHHyio HopMnpoBKofi ||2/ n ||i, 2 = 1 CHCTeMbI [J {u£ (x, fJ,k)}j'Lo , a 

fe=i 

aepe3 {X n }^Li o6o3HanHM Hyjin (pyHKHHH u(tv,X) b nopa^Ke B03pacTaHHa MO^yjia c ynemoM 
Kpamnocmu (Tor^a Ly n = \ n y n ^Jia jiio6oro n EN). 

IIocTpoHM Tenepb 6nopToroHajibHyio cncTeMy {wn}^^ k cncTeMe {yn}^^. Ilpe>Kfle Bcero 
3aMeTHM, hto npn jik)6om k cncTeMa {^jj^g 1 ? r ^ e z i( x ) = u x 1 ^( a; )A t fc) ? aBjiaeTca cncTeMoii 
H3 co6cTBeHHoii h npHCoeflHHeHHbix (pyHKH^HH fljia onepaTopa L* = —-^2 + Q, OTBeaaiomeH 

co6cTBeHHOMy 3HaneHHio /Zfc. IloKaa<;eM Tenepb, KaK c noMombio KOHenHbix jinHenHbix kom- 

00 

6HHaniiH CHCTeMbI |J {^}^q nocTpoHTb 6HopToroHajibHyio k {y n }T CHCTeMy. SaMeTHM, hto 
fc=i 

ecjiH (pyHKi^na z jie>KHT b KopHeBOM no^npocTpaHCTBe onepaTopa L*, OTBeaaiomeM co6ctbch- 
HOMy 3HaaeHHio JTi, a (pyHKi^na y — b kophcbom noflnpocTpaHCTBe onepaTopa L, OTBeaaiomeM 
co6cTBeHHOMy 3HaneHHio /i^, r^e k 7^ I, to (pyHKii,HH y h z opToroHajibHbi. /JencTBHTejibHO, ^Jin 
co6cTBeHHbix (pyHKiniH /j,k(y ', z) = (Ly , z) = (y,L*z) = fii(y,z), T.e. (y,z) = 0. Ecjih Tenepb y 
- nepBaa npncoe^HHeHHaa (pyHKn^na, az — co6cTBeHHaa (pyHKii;Ha, to, yanTbiBaa, hto opTO- 
roHajibHOCTb coScTBeHHbix cpyHKii^HH yace apKa3aHa, //fe(y, z) = (Ly,z) = (y,L*z) = fii(y,z). 
^ajibHeiiniee oaeBH^HO. TaKHM o6pa30M, flocTaTOHHO nocTpoHTb 6HopToroHajibHyio CHCTeMy b 
Kaa<flOM KopHeBOM no^npocTpaHCTBe no-OT^ejibHOCTH. B cjiyaae npocToro co6cTBeHHoro 3Haae- 
HHa 3to JierKo: w n (x) = y n (x) / (y n (x) , y n (x)) , a ^Jia coScTBeHHbix 3HaaeHHH KparaocTH pk > 1 
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mm coinjieMCH Ha [TOl §2] hjih [4j Tji. 1, §3]: 

Tpfi til — HexoTopbie HeHyjieBbie Hiicjia TaKiie, mo pa3Jio>KeHne pe30JibBeHTbi (L — A/) -1 b pa^, 

JlopaHa B OKpeCTHOCTH TOIKH /ifc HMeGT BHfl 



(L _ A/) _ i = g (-,6£*g)yg + (•, ^)yi + ■■■ + (•, Kzi)yf 



k 



s=0 



(A - // fc )P*- 



yTBepac^eHHe 1. ('cm. meopeMa 2.7.) IJycmt> u G L 2 [0, 7r]. Tozda cucmeMa {Vn{ x )}^=i 
coticmeennux u npucoedunennux (fiynKi^uu onepamopa L o6pa,3yem 6a3uc Pucca e npocmpan- 
cmee ^[0, it]. 

yTBepiKfleHHe 2. (cm. /2^, meopeMa 3.13.) IJycmbu G L 2 [0,7r]. Tozda, nanunaH c neKomopozo 
HOMepa N = N u , ece coticmeennue 3nauenuH onepamopa L npocmu, a 3am fyynKyuu y n u w n 
cnpaeedjiueu acuMnmomuuecKue paeencmea 



y n (x) = ^sinnx + (p n (x), w n (x) = y | sinnx + i/j n (x), 
y' n (x) = n {^J^cosnx + rj n (x) j + u(x) (yf sinra; + <p n (x) j n = N,N + l,... , 

npuneM noc./iedoeame./ibHocmb {^ n }n=N = {Wfni^Wc + \\ipn(x)\\c + \\ r ln(x)\\c}'^ = N £ h u ee 
HopMa e 3moM npocmpancmee ozpanuuena nocmonnnou, 3aeucttvu,eu moAbno om u. KpoMe 
amoso, npu n ^ N 

3decb 

X 

ipnfl{x) — a n sin nx + p n cosnx — / u(t) sin n(x — 2t)dt, (3) 



zde nopjua nocAedoeameAtnocmu {\a n \ + |/5 n |}^=7v 6 npocmpancmee I2 ozpanunena eeAuuunou 

/ X \ / 7T 

ipni(x) — sin nx I / u 2 (t) sm( 2nt)dt + cosnx I / u(t) sxa(2nt)dt+ 

TT TV t 

+ — I u 2 (t)(cos(2nt) - l)dt - — i i u(t)u(s) cos(2nt) sm(2ns)dsdt+ (4) 
2nn J J J 

00 

X X t 

+^~y u 2 (t)(l - cos(2nt))dt + 2 J J u(t)u(s) cos(2nt) sm(2ns)dsdt 

00 

a nocAedoeameAbnocmb {H^n^O^HcK^jv npunadAeatcum npocmpancmey l\ u ee nopMa e amoM 
npocmpancmee ne npeeocxodum C u . 
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§2. OcHOBHaa TeopeMa. 

TeopeMa 1. PaccMompuM onepamop deucmeytou^uu e npocmpaHcmee L 2 [0, tv], c zpa- 
huhhumu ycAoeusiMU flupuxjie, nomenyuaA nomopozo ydoejiemeopaem cjiedytou^uM ycjioeu- 
hm: q(x) = u'(x), sde K0MnjieKCH03HauHaH (pyuKyun u G L 2 [0,7r]. Ilycmh {y n ( x )}^=i ~ Hop- 
MupoeauHaM cucmeMa co6cmeeHHux u npucoeduneHHUx (fiynKyuu onepamopa L, {w^x)}™^ 
- 6uopmosoHaAbHaM k neu cucmeMa. JJasi npou3&OAbHou aiynnyuu f G L 2 [0,7r] o6o3ho,hum 
Cn = (f(x),w n (x)), c n fl = \J 2 / 7r(f(x) , sin nx) . Tosda UMeem Mecmo paenoMepnan na eceM 
ompe3Ke [0, it] paenocxoduMocmb pa3A0McenuH (fiyHKyuu f e pad no cucmeMe {y n (x)}^ =1 u no 
cucmeMe cunycoe: 



^ c n y n (x) - J -c nfi sin nx 

n=l n=l 




(5) 



zde v u {m) — > npu m — > +oo. 



3aMenaHHe. B pa6oTe [13] Smjio flOKa3aHO, mto b cjiynae 6ojiee rjiaflKoro noTeHniiajia, 
Kor^a u G W|[0,7r] npn 9 G (0,1/2), BbinojiHeHa on;eHKa v u (m) ^ C(\\u\\,9,E)m~ 9 / 2+£ rjisi 
jiioSoro e > 0. 

/^OKa3aTejibCTBO TeopeMM 1. PaccMOTpnM onepaTopbi B m ^ : L 2 [0,7r] — ► C[0,7r], flefl- 
CTByiomHe no npaBnjiy 



m m 

B mtN f(x) := ^ c nVn{x) - ^2 Y -CnfiSinnx, 



n=N n=N 



rpp / G L 2 [0,7r]. Ilpn N = 1 6yn;eM onycKaTb BTopon HH^eKc: B m \ =: B m . 

Mbi 3a(pHKcnpyeM HH^eKC N, nojio>KHB N = N u , r^e N u — HaTypajibHoe hhcjio, cyni;ecTBO- 
BaHne KOToporo nocTyjinpyeTca b yTBepjKfleHnn 2. Otmcthm, hto b cjiynae Beni;ecTBeHHoro 
noTeHn,najia N u = 1. 

OneBH^HO, nTO fljia jiioSoh <pyHKn,nn / G ^[0, n] cnpaBe^JinBO acnMnTOTnnecKoe paBeHCTBO 
(mm 6y^,eM Ha3biBaTb ero ochoehbim paBeHCTBOM) 

B m ,Nf(x) = ^ J-(f(t),iPn, (t))smnx+ ^ J -(/(*), sinraH- 

n=N 71 n=N 71 

+ £ J-(f(t),^ 2 (t)) S mnx + J-ifitlsmnt^x) + ^2(f(t),i/> n (t))tp n (x). (6) 



n=N n=N n=N 



Tenepb mm xothm noKa3aTb, hto ^Jia jiioSoh cpyHKipin u G L 2 [0, 7r] nocjie^OBaTejibHOCTb 
onepaTopoB {B m ^}m=N paBHOMepHO orpaHnneHa: 

II B m< N || L 2 ^C ^ C u . (7) 

On;eHHM KajK^oe H3 cjiaraeMbix b npaBon nacTn ocHOBHoro paBeHCTBa ([6]) no OTflejibHOCTH 
(Han6ojiee TpyflHon 3flecb 6yfleT on;eHKa nepBoro cjiaraeMoro). 
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Illar 1 (oijeHKa nepBoro cjiaraeivioro) . 

JJah Ato6ou dhyuKv^uu f G L 2 [0,7r] UMeem Mecmo Hepaeencmeo 



£(/(t),Vn,o(t))sin 



77 X 



n=N 



hi- 



(8) 



c 



B CHJiy acnivinTOTHMecKHx (popiviyji ([3]) 

7T 7 

{f{t),ipn t0 {t)) = a^(f(t), sin nt) + f3 n (f(t), cos nt) - J f(t) J u(s) sinn(t - 2s)dsdt. 

o o 

TaKHM o6pa30M, HaM Heo6xo,a,HMO on,eHHTb paBHOMepHO no bcgm x G [0, tt] BbipajKeHne 



7T 7 \ 

£ ( a^(/(i), an rrt) +©/(«), COST*) - JW)^n(t - 2s)dsdtj si™* (9) 







TaK KaK ||{0!n}||/ 2 < Cu, TO 



n=N 



^ J -a n ( f(t), sin nt) sin 



77X 



L 2 - 



C 



AHajiorn^Hbie paccyjK^eHna cnpaBe^jinBbi n ,n;jia BToporo cjiaraeivioro b ([9]). HanSojiee cjiojk- 
hmmh fljia on;eHKH aBJiaeTca TpeTbe cjiaraeivioe. IIpHMeHHB cpopiviyjiy pa3HOCTH KoenHycoB, no- 

JiyHHM 

TT t TT t 

/ ^) / M ( s ) s i nn (^ — 2s)dsdt sinnx = - / /(£) / u(s) cosn(t — x — 2s)dsdt— 

at •/ at J 



n=7V 







n=N 







7T 7 



— / /(i) i u(s) cos n(t + x — 2s)dsdt. 

2 n=N i K 





Oi^eHHM nepBoe cjiaraeivioe b npaBon nacTn nocjiejjHero coorHOineHna (BTopoe cjiaraeivioe pac- 
CMaTpnBaeTca aHajiornnHo). 3aMeTHM, hto 



TT t 



£ //w/ «w «-» e - - - - / m / -w-e - * - 2.)**- 

" 11 o o 







TT t 



-J f(t) J u(s)D N _i(t-x-2s)dsdt, 



(10) 



o o 
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r^e D m (£) = 1/2 + cosn£ - a^po ^npnxjie. TaK KaK BTopoe cjiaraeMoe b npaBoii nacTH 



n=l 



(fTUj) He 3aBHCHT ot m, to fljia Hero cpa3y nojiynaeivi HeoSxo^HMyio oneHKy: 



f(t) J u(s)D N _ 1 (t-x-2s)dsdt 

n 



^ Cu\\J \\L 2 - 



C 



3aiiMeMCfl oneHKon nepBoro cjiaraeMoro b ( TTOl) . Onpe^ejiHM onepaTop A m _ x , ^eHCTByioinnn b 
npocTpaHCTBe ^[O, it] no npaBHJiy: 



A m - X u(t) = J u(s)D m (t -x- 2s)ds 



h nojioJKHM no onpeflejieHHio A m := A m Q. HaM Heo6xoflHMO oneHHTb HopMbi onepaTopoB A m _ x 
paBHOMepHO no m G N n x G [0, n]. 

]loKa>KeM, nTO onepaTop A m ~ x yHHTapHO SKBHBajieHTeH cyMMe onepaTopa A m n HeKOToporo 
onepaTopa A m jX , Hopiviy KOToporo b L 2 [0, it] oueHHTb jierKO. IlycTb T x g(t) = g(t+x) — onepaTop 
c^Bnra b npocTpaHCTBe L 2 [0,7r] (cnnTaeivi, hto Bee (pyHKniin npoflOJixceHbi 3a OTpe30K [0, it] 
nepnoflnnecKn). Tor^a Moaceivi 3anncaTb 

t 

T_ x A m _ x T x u{t) = T_ x A m _ x u{x + t) = T_ x J u(s + x)D m (t - x - 2s)ds = 

o 

t—x t 

= J u(s + x)D m (t — 2x — 2s)ds = J u(s)D m (t — 2s)ds = A m u(t) — A mx u(t), 

x 

x 

rjj;e A m ^ x u(t) := J u(s)D m (t — 2s)ds. HecjioacHO BH^eTb, hto onepaTop A mtX npe^CTaBJiaeT 
o 

co6oii KOMno3nn,Hio onepaTopa cpe3KH H x u(t) = X[o,x]u(t) n onepaTopa S m , ^eiicTByioinero no 
npaBHJiy 

S m v(t) — I J v(s) cos 2nsds cosnt + J v(s) sm2nsds sinnt J + — J v(s)ds. (11) 



OneBHflHO, hto H-ffxIUa ^ 1> \\S m v(t)\\ L2 



^2 (a n cos nt + b n sin nt) + \a 



n=l 



< 2|MI! 2 , r fl e 



a n = J v(s) cos2nsds, b n = J v(s) sin2nsds - K03(p(pHnHeHTbi <Dypbe (pyHKnnn v (t). Mm noKa- 

o o _ 

3ajiH, hto Hopivia onepaTopa A mjX b L2[0,7r] He npeBoexo^HT nncjia \/2 npn jno6bix 3HaneHHax 
m G N n x G [0,7r]. 
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Tenepb HaM ocTajiocb ^,0Ka3aTb paBHOMepHyio nomGN orpaHiineHHOCTb onepaTopa A m b 
npocTpaHCTBe ^[0, 7r]. 3aMeTHM, hto 



A m u(t) = J u(s)D m (t-2s)ds = J u(s)D m (t-2s)ds- J u(s)D m {t-2s)ds = S m u{t)-E* m u{t), 

t 

T^e onepaTop S m onpe^,ejieH b f fTTi ). a E* aBjiaeTca conpa>KeHHbiM k onepaTopy E m , onpe^ejieH- 



HOMy paBeHCTBOM E m u(t) = J u(s)D m (2t — s)ds. TaKHM o6pa30M, 3a^,ana CBejiacb k npoBepKe 

o 

paBHOMepHofi orpaHH^eHHOCTH onepaTopa E m . 

IlocKOJibKy E m — onepaTop Tnna Xap^H, to ero orpaHHHeimocTb mojkct 6mtb flOKa3aHa 
CTaH^apTHbiM npneMOM (cm., Hanpiuviep, [T4l En. IX, n. 3]). PaccMOTpHM 6iiJiiiHeHHyio (pop- 
My (E m f : g), r,ne f,g G L2[0,7r] h flOKaaceM ee orpaHHHeHHOCTb. B ciury h3bgcthoh oneHKii 
|-Dm(^)| ^ u, r,ae C - HeKOTopaa aScojiiOTHafl nocTOAHHaa (cm., HanpHMep, [T5l En. 1 §32]), 



HMeeM: 



\(Emf,g) 



TT t 




f(s)g(t)D m (2t - s)dsdt 







TT t 



^ J J \f(s)\\g(t)\\D m (2t-s)\dsdt^ 





12 ' l-dsdt 



TT t TT t 

oo oo 

TT t \ 1/2 / * / 

/ \ 



2t - s V t 




^2T^~s V t^ 9 ^'y/2t^s V s 



06o3HanHM ^BOHHbie HHTerpajibi b nocjieflHeii nacTii nenoHKii HepaBeHCTB nepe3 I\ h I2 co- 
OTBeTCTBeHHO h oli,ghhm Ka>K^biH H3 hhx b OT^ejibHOCTH. B HHTerpajie I\ noMeHfleM npe^ejibi 
HHTerpHpoBaHHH. Ilojiy^HM 



h 



s s 




d{2sft) 
2t-s 



ds 



V2 
< 

to ecTb y/h^ (In 4) (I/ 1| L2 . 
AHajiornHHO 



4 f 1/00 I 2 f In f ) - 2 ln(V2 - 1) ) ds, 




\g(t)f 



1 /* 



2i - s V s 



t 



7T+ v/s/2 



dsdt = / \g(t)\ 2 Vt 



d{2y/s) 



1 



of _ g d8 = -j=J \g(t)\ 2 (2\n(V2 + l))dt, 




3 H aHHT, JT 2 < C||^||l 2) C = JV2\n(V2 + 1) 



HepaBeHCTBO © nojiHOCTbio ,a,OKa3aHO. 

LQar 2 (oijeHKa BToporo cjiaraeivioro b ochobhom paBeHCTBe). 

Ilycmb u G Z^fO, 7r]. Tozda djin ak>6ou d^yHKi^uu f G L2[0,7r] ujueem Mecmo nepaeeHcmeo 



^ (/(*), WxW) sin 



nx 



n=N 



L 2 - 



(12) 



c 



3aMeTHM, hto b CHJiy acHMnTOTH^ecKHx cpopiviyji ([4]) HaM Hy>KHO paccMOTpeTb BbipajKeHne 



ty n = — — J f(t)sinnt J u 2 (s) sin(2ns)dsdt — J —f(t)cosnt J u(s) sm(2ns)dsdt+ 





t 



tf(t) 



cosnt J u 2 (s)(cos(2ns) — l)dsdt — — J f(t)cosnt J u 2 (s) cos(2ns)dsdt+ (13) 
oo oo 

7T t 7T 7T S 

H / f(t) cosnt [ u 2 (s)dsdt — [ — ^— cosnt / f u(s)u(t) cos(2ns) sm.(2nr)drdsdt+ 

2n J J J 7i J J 



o 

t s 



+2 / f(t) cos nt J J u( S )u(r) co S (2„ s ) ^(2nr)iri S it. 







IloKa>KeM, *ito fljia jiioSoh (pyHKipiii / G L2[0,7t] cnpaBe^JiHBa on,eHKa: 



sin nx 



n=N 



u\\J \\L 2 - 



(14) 



c 



On,GHHM nepBoe cjiaraeMoe b nojiy^eHHOH cyMMe (,o,Jia 3Toro noMeHaeM MecTaMH npe^ejibi hh- 
TerpnpoBaHHa b abohhom nnrerpajie): 



n=N 



smnx 
2n 



/(t)sinni / u 2 (s) sm(2ns)dsdt 



o 

7T 





Esin(2ns) , . 

— ^ sin nx I j [tj sin nrut 



n=N 



2n 



ds < 



7T m 



^aimu 2 , (15) 



TaK KaK nocjieflOBaTejibHOCTb I J f(t) sxnntdt ? = {(H s f , sin nt)}^ =N npHHafljiejKHT npo- 

l s J ri= N 

CTpaHCTBy I2 h ee HopMa b btom npocTpaHCTBe He npeBOCxo,a,nT ||if s /||i 2 ^ ||/||l 2 (3^ecb H s - 
onepaTop cpe3Kn b npocTpaHCTBe L 2 [0, 7r]). 

AScojiiotho aHajiorHHHbie paccya^eHiia mo>kho npoBecra ^jia neTBepToro cjiaraeMoro b 
npaBofl nacTH (|T3l) . 

PaccMOTpHM BTopoe cjiaraeivioe. 

2\ 1/2 



/ —fit) cos nt I u(s) sin(2ns) dsdt sin nx 



c E 



. n=N 



tf(t) cos ntdt 



E 

. n=N 



u(s) sin(2ns)ds 



2\ 1/2 



u\\J \\La- 



(16) 



TpeTbe cjiaraeivioe mojkho oueHiiTb iioxojkhm o6pa30M: 

tfit) 



f tfit) f 

/ — cosnt / u 2 (s)(cos(2ns) — l)dsdt sinnx 

n=N J 7171 J 



(in 1 \ I/ 2 / m 
E^J E 
n=N / \n=N 



tf(t) cos ntcit 



2\ 1/2 



(17) 



riHToe cjiaraeivioe b (fT3l) npeo6pa3yeM, npoiiHTerpiipoBaB (pyHKiniio w 2 (s): 



— / f(t)cosnt / v?{s)dsdt 

n=N 71 J n J n 



m 1 

V- 

^ 2n 



n=iV 



f(t)U{t) cosntdt 



u J L, 



(18) 



nocKOJibKy (pyHKn,HH U(t) = J u 2 (s)ds flBjiaeTCH aScojiiOTHO HenpepbiBHoft, cjie^OBaTejibHO, 



npoH3BefleHne f(t)U(t) npHHafljiejKHT npocTpaHCTBy L 2 [0,7r]. 

nepefifleM k tpohhmm imTerpajiaM b npaBofl nacTH (fT3l) . PaccMOTpiiM nepBbiii H3 hhx. 



7T 7T S 

f2tf(t) f f 

/ cosnt / / ■u(s) , u(r) cos(2ns) sin(2n,T)drdsdt sinnx 

n=7V n r, n 



c E 



. n=iV 



t/(t) cosntdt 





2x 1/2 



(19) 



7T S 





2x 1/2 



/ m 

CII/IU2 I £ J («( s ) M ( r )x(s,r),cos(2ns)sin(2nr) 



1/2 



vn=7V 
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nocKOJibKy (pyHKinia u(s)u(t)x{s,t) G L 2 [0,7r] 2 
HaKOHen,, 



/ f(t)cosnt / / tt(s)tt(r) cos(2ns) sin(2nr)drdsdf sinnx 

n=JV Q Q Q 



7T 

/m 
u(s) cos(2ns) sin nx(H s f(t), cos nt)(H s u(r), sm(2nr))ds 

n=N 



(20) 



< y l«00 

' 



^2(H s f(t), cos nt)(H s u(t), sin(2nt)) 



n=l 



^ / K s )|||^ s /|| L2 ||^ s «|| L2 ds^c u ||/|U 2 



3^ecb nepe3 H s o6o3HaneH onepaTop cpe3KH H s f(t) = X[s,^\fif)- 
H3 (fT51) -(l2"01) cjie^yeT HepaBGHCTBO (fT4l ) (a SHa^iiT, h CZj)). 



Illar 3 (ou;eHKa TpeTtero n neTBepToro cjiaraeMbix b ochobhom paBeHCTBe). 

On,eHKa TpeTbero cjiaraeMoro b ([6]) nojiynaeTca TpHBnajibHo: 



E 

n=N 



f(t)lp n , 2 (t)dt 



(21) 



TaK KaK nocjie^OBaTejibHOCTb {HVVzWIIc} ^ 

nepefi^eM k HeTBepTOMy HJieHy npe^CTaBJieHna (J6j) . B cnjiy acHMnroTHHecKiix cpopiviyji 



n=N 



y-(f(t),smnt)<p n ( 



X) 



< J2(\fn\ ■ \\<Pn(x)\\c) C u \\j || Lj . 
C n=AT 



(22) 



W f n = y/2/n(f(x),sannx) 
HaKOHen,, 



^(/(t),Vn(t)K(s 



n=AT 



ia 



C 



E 

n=N 



L 2 ■ \Wn{x)\\c) < 



(23) 



H3 HepaBeHCTB (JHJ), (|T2j) h (l2Tft -fl2~HR BbiTexaeT oneHKa j^. 

Tenepb mm mojkcm jierKO nojiyHHTb oueHKy ^Jia HopMbi onepaTopa B m . OneBH^HO, hto oh 
npe^CTaBjifleTCfl b BH^e cyMMbi: B m = Bn_\ + B m ^. IlocKOJibKy Bbi6op nncjia N 3aBHCHT 

TOJIbKO OT U, TO HCHO, HTO || BjV-1 1| L 2 ^C ^ C u (tcIK KaK 3TOT OnepaTOp npe^CTaBJIfleTCfl B BH^e 

cyMMbi KOHenHoro HHCJia cjiaraeMbix) . OTCKma h h3 HepaBeHCTBa ([7]) HeMe^jieHHO cjie^yeT, hto 



\B m (u) 



(24) 



Illar 4 (,a;oKa3aTejibCTBO paBHoexoflnMOCTn) . 
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JJah aw6ou cjjyHKiitUU f G L 2 [0,7r] eunoAHeno: 

lim \\B m f\\ c = 0. (25) 



PaccMOTpiiM ^eiicTBHe onepaTopa B m Ha co6cTBeHHbie h npHCoe^HHeHHbie (pyHKHHH onepa- 
Topa L: 

m 2 m 

B m y k {x) = y~](y k (x),w n (x))y n (x) y^(y k (x), sinnx) sinnx. 

n=l n=l 

IlepBoe cjiaraeMoe b npaBOH ^acTii nocjie^Hero cooTHOineHHa paBHO npH m < k h paBHO 
y k (x) npn m ^ k. BTopoe cjiaraeivioe npeflCTaBJiaeT coSoii nacTHHHyio cyMMy pa^a <J>ypbe 
(pyHKHHH y k . TaK KaK Bee (pyHKHHH y k G W / 2 1 [0, it], to pa,n; Qypbe (pyHKHHH y k cxo^HTca k Heft 
paBHOMepHO Ha OTpe3Ke [0, 7r], h mm nojiynaeM, hto lim ||-3 m ?/fc||c — 0. 

m— >oo 

OcTajiocb 3aMeTHTb, hto, b CHjiy nojiHOTbi CHCTeMbi {y k (x)} (cm. yTBep>KfleHHe 1), H3 Henpe- 
Pmbhocth onepaTopa B m cjie^yeT npe^ejibHoe cooTHonieHne ( |25l) . 
LQar 4 3aBepuieH. 

Ilepeft^eM k flOKa3aTejibCTBy yTBepjK^eHna o ckopocth paBHoexo^HMOCTH. JJ,jis jiioSoro 

k 

k ^ N u o6o3HanHM g k (x) = c n y n (x) (HanoMHHM, hto c n = (f(x),w n (x))). OaeBH^HO, hto 

n=l 

fljia jhoSoh (pyHKH^HH / G L 2 [0,7r] h fljia Jiio6oro HaTypajibHoro m BbinojiHeHo: 

\\B m f\\c<\\B m (f-g k )\\ c +\\B m g k \\ c . (26) 



LQar 5 (ou,eHKa hopmm B m (f — g k ) b npocTpaHCTBe C[0, 7r]). 
Uycmh g k (x) = ^ c n y n (x), k ^ N u . Tosda 



n=l 



1/2 



|S m (/-^)llo<C u ]T |c„, | 2 + ll/IIW*), 



(27) 



\n=k+l 



ede c n fl = a/2/7t(/(x), sinnx), a — > npu — > +00. 
C y^eTOM acHMnTOTH^ecKHx cpopMyji ([2]) nojiy^aeM: 



||/(x)-^(x)|| L2 ^ 



E -(/( 



x), sm nxj smnx 



n=fc+l 



n=fc+l 



smnx 



+ 



+ 



n=fc+l 



E V -(/( a; ) ) sinra )V 2 r. 



X 



n=k+l 



£a 



1/2 



vn=fc+l 



11 



r^e v u (k) — > npn k — > +00. 

B CHjiy on,6HKn ( l24l ) Ha HopMy onepaTopa B m H3 flOKa3aHHoro HepaBeHCTBa HeMe^jieHHO 
BbiTexaeT HepaBeHCTBO ( 127ft . LQar 5 3aBepineH. 

riepeiifleM k oueHKe BToporo cjiaraeMoro b ( 1261) . IlycTb m > k. 06o3HanHM nepe3 S m 

onepaTop, ^eHCTByioiiniH H3 npocTpaHCTBa Wj[0, 7r] b npocTpaHCTBO C[0,7r] no npaBHjiy: 

00 

S m h(x) = 2/rr (h(t),smnt) smnx. SaivieTiiM, mto 

n=m+l 



2 

B m g k (x) = g k (x) } (g k (t),smnt) smnx = Sr, 



,9k{x) 



n=l 



(nocKOJibKy Bee co6cTBeHHbie h npiicoefliiHeimbie (pyHKHHH onepaTopa L npnHafljiejKaT npo- 
CTpaHCTBy ^ [0, 7r], to ^eiicTBHe onepaTopa S m Ha hhx KoppeKrao onpe^ejieHo) . Tor^a 



\B m 9k\\c ^ \\S m (9k — 9n)\\c + ll'S'm^Arllc 



(28) 



Illar 6 (on;eHKa HopMbi S m (gk — <7jv) b npocTpaHCTBe C[0, 7r]). 

IJycmb k ^ N u - uamypaAbHoe hucao. Tozda 3am ak>6ou ipyHKyuu f U3 npocmpaHcmea 
L 2 [0,7r] u 3asi aw6oso e > cnpaeedAuea oi^eHKa 

\\S m (9k-9N)\\c < C^II/IU.W- 1 / 2 . (29) 



IlycTb m > k ^ iV M . 3aMeTHM, hto JieByio nacTb HepaBeHCTBa ( j29f) mojkho npe^CTaBHTb b 
BH^e 



\S m {g k {x) - g N (x))\\ c 



X) 



n=N+l 



C 



n=N+l 



C 



t&k KaK y n (x) = \j2fn smnx + r^e <y9 n (x) onpeflejieHbi b (j2j). ,Uajiee, 



n=7V+l 



< CuNJ Ilia 



IlpH BbiBO^e nocjie^Hero HepaBeHCTBa mm ynjin tot cpaKT, hto 



k \ / k \ 

E l C ™| 2 ) E H^n^llc) 

n=AT+l / \n=N+l / 

' k \ V2 

E ll^mVn^llc) ■ 
v n=AT+l / 



1/2 



E |c„| 2 < E l c «! 2 ^ 2 - E l(/(^),sinna;)| 2 + £ |(/(x), ^(a;))| 2 U C u 



2 

ia" 



n=iV+l 



n=iV+l 



n=iV+l 



n=7V+l 



Ou,eHHM ||5'm¥ J n(2 ; )||ci BOcnojib30BaBHiHCb TeopeMoii Bjio>KeHHa Co6ojieBa: npocTpaHCTBO 
iy 2 e+1/2 [0,7r] C[0,vr] (pi n. 4.6.2]). lIojiyHHM, hto fljia jno6oro e > 0, 

||5 m ^(x)||o ^ C £ f E 0' 2£+1 + 1)1 Wz),sinjx) 

\j'=m+l 
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= C < E ^ , a \(<p' n (x),cosjx)\ 2 \ ^C £ m^ 2 y n (x)\\ wi . (30) 

V?=m+1 ^ / 

3^ecb mm BOcnojib30BajiHCb HHTerpHpoBaHneM no nacTHM h ynjin tot (paKT, hto 

V^n(O) = <^n(7r) = 0. 

Tax KaK H3 acHMnTOTirqecKHx (popMyji (j2J) cjie^yeT, hto <^n( x ) = n Vn(x) + u(x)y n (x) , to 
IIVn(^)||w 2 i < C^n^n, r^e ||{t7„}||j 2 < C M . 3HannT, 

H^^n^llc < C U:£ m £ ~ 1/2 nr] n . 
HiaK, nepBoe cjiaraeMoe b (1281) mo>kho oneHHTb cne^ryioiniiM o6pa30M: 

\\S m (9k-9N)\\c^C u Jf\\ L2 [y^^nWnj ^C u , £ \\f\\L 2 m £ - l/2 k. 
UJar 6 3aBepineH. 

riepefifleM ko BTopoiviy cjiaraeMOMy b f|28l) . ^eficTBHe onepaTopa Ha cpyHKipni g n oneHH- 
BaeTca tohho TaK jxe, KaK b (1301): 



ll^jv^Hc. < C e m e 1/2 ||</iv(a:)||w^- 
TaK KaK H^jvIIv^ 1 ^ C u \\f\\ L2 , to 

\\S m g N \\ c ^C u , £ \\f\\ L2 m^ 2 . (31) 



H3 cooTHoniGHHH ( 1281) . ( 1291) ii ( 1311) Tenepb cpa3y BbiTeKaeT, to fljia jiio6oro HaTypajibHoro 
/■• A', ( 

\\B m g k \\ c = ||/||z, a u«(m), (32) 

r^e Uu(m) — >■ npn m — > +00. OneHKa © Tenepb cjie^yeT H3 ( |26l) . (l27l) n ( l32l) . TeopeMa 
nojiHOCTbio ^OKa3aHa. 



§3. Cjiynan BenjecTBeHHoro noTemjnajia. 

B 3tom pa3^ejie mm xoTejin 6m aHOHcnpoBaTb pe3yjibTaT, flBjiinomnncn b cjiynae BemecTBeH- 
Horo noTeHn,najia HecKOJibKO 6ojiee o6miiM. JJjsjio b tom, hto ^OKa3aTejibCTBO yTBep)K,i],eHHJi 2, 
npnBe^eHHoe b paSoTe [2], onnpajiocb Ha acHMnTOTHnecKne (popMyjibi ^jia co6cTBeHHbix 3Ha- 
HeHHii onepaTopa L, nojiyneHHbie b toh me CTaTbe. OflHaKO no3JKe TeMH me aBTopaMH 6mjih 
BMBe^eHM acHMnTOTHKH coScTBeHHbix 3HaneHHH c on;eHKaMH ocTaTKOB, paBHOMepHMMH no ma- 
py u G Br = {v G L 2 [0,7r] : \\v\\l 2 ^ R} (sth pe3yjibTaTM eme He ony6jiHKOBaHbi) . C yneTOM 
nojiyneHHbix acHMnTOTHnecKnx (popMyji, paccy>K^,eHHflMH, nojiHOCTbio aHajiornnHMMH flOKa3a- 
TejibCTBy TeopeMM 3.13 paSoTM [2], mojkho nojiynnTb (popMyjibi ([2|)-((4]), ho y>Ke c oneHKaMH 
HopM Bcex nocjie^OBaTejibHOCTen, 3aBHcainnMn He ot KOHKpeTHoro noTeHnnajia a jihihb ot 
pa^nyca mapa R. 

B 3tom cjiynae 6yn;eT cnpaBe^jiHBa cjie^yiomaa 
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Teopeivia 2. IJycmb e ycAoeunx meopeMU 1 (pyHKi^UM u mjimmctt eemecmeeHHOSHanHou, 
npuueM \\u\\l 2 ^ R dAH neKomoposo R > 0. Tosda 



'" '2 



^2 C nVn(x) -J2\J n Cn '° Sil1 UX 
n=l n=l 



1/2 



<C R \J2 Ko\ 2 + ll/IU 2 ^(m), (33) 



c 

sde VR{m) — > npu m — > +oo. 

Abtop 6jiaro^,apHT npocb. A.A.IIlKajiHKOBa n ^on,. A.M.CaBnyKa 3a nojie3Hbie 3aMenamia. 
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